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The basis of the concept of interval valued intuitionistic fuzzy sets was introduced by K. Atanassov. In-
terval valued intuitionistic models provide more precision, ﬂexibility, and compatibility to a system than
do classic fuzzy models. In this paper, three new types of product operations (direct product, lexico-
graphic product, and strong product) of interval valued intuitionistic (S,T)efuzzy graphs are deﬁned. One
of the most studied classes of fuzzy graphs are regular fuzzy graphs, which appear in many contexts. For
example, r-regular fuzzy graphs with connectivity and edge-connectivity equal to r play a key role in
designing reliable communication networks. Hence, we introduced the concepts of regular and totally
regular interval valued intuitionistic (S,T)efuzzy graphs. Likewise, we deﬁned busy vertices and free
vertices in interval valued intuitionistic (S,T)efuzzy graphs and studied their images under an isomor-
phism, which are highly important in fuzzy social networks.
Copyright © 2016, Far Eastern Federal University, Kangnam University, Dalian University of Technology,
Kokushikan University. Production and hosting by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Graph theory has several interesting applications in systems
analysis, operations research, computer applications, and eco-
nomics. Since the introduction of fuzzy sets by Zadeh [37], there
have been numerous generalizations of this fundamental concept.
One generalization among the sets is the notion of intuitionistic
fuzzy sets introduced by Atanassov [6]. For more details on intui-
tionistic fuzzy sets, please refer to [6e8]. In 1975, Zadeh [36]
introduced interval-valued fuzzy sets as an extension of fuzzy
sets [37] in which the values of the membership degree are in-
tervals of numbers, rather than numbers. Rosenfeld [21] introduced
fuzzy graphs in 1975 and proposed other deﬁnitions (e.g., paths,
cycles, and connectedness). The complement of a fuzzy graph was
deﬁned by Mordeson and Nair [19] and further studied by Sunitha
and Kumar [30]. The concept of weak isomorphism, co-weak
isomorphism and isomorphism between fuzzy graphs was intro-
duced by Bhutani [9]. Akram et al. [1e5] introduced interval-valued. Rashmanlou), borzooei@sbu.
anta), mmpalvu@gmail.com
Federal University, Kangnam
an University.
ersity, Kangnam University, Dalian
C-ND license (http://creativecommfuzzy graphs, strong intuitionistic fuzzy graphs, bipolar fuzzy
graphs, as well as certain types of vague graphs and vague hyper-
graphs. Borzooei et al. [10e16,25e27] studied domination, degree
of vertices, new concepts of vague graphs, and bipolar fuzz graphs.
Complete interval-valued fuzzy graphs were investigated by
Rashmanlou and Jun [22]. Pal and Rashmanlou [20] studied irreg-
ular interval-valued fuzzy graphs, deﬁned antipodal interval-
valued fuzzy graphs [23], and balanced interval-valued fuzzy
graphs [24]. Samanta et al. [31e34] introduced fuzzy planar graphs,
m-step fuzzy competition graphs, fuzzy k-competition and p-
competition graphs, and showed some results on bipolar fuzzy sets
and bipolar fuzzy intersection graphs. In this paper, three new
types of product operations (direct, lexicographic, and strong) of
interval-valued intuitionistic (S,T)efuzzy graphs are deﬁned. We
introduce the concept of regular and totally regular interval valued
intuitionistic (S,T)efuzzy graphs. Busy vertices and free vertices in
interval valued intuitionistic (S,T)efuzzy graphs are deﬁned, and
their image under an isomorphism is studied.2. Preliminaries and notations
An interval number, ~a, is deﬁned as an interval, [a,aþ], where
0 a  aþ  1. The set of all interval-numbers is denoted byD[0,1].
The interval [a,a] is identiﬁed with the numbers a2[0,1].University of Technology, Kokushikan University. Production and hosting by Elsevier
ons.org/licenses/by-nc-nd/4.0/).
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inf eai ¼ ½∧i2Iai ;∧i2Iaþi  and sup eai ¼ ½∨i2Iai ;∨i2Iaþi  and set:
(1) fa1 fa2⇔a1  a2 and aþ1  aþ2
(2) fa1 ¼fa2⇔a1 ¼ a2 and aþ1 ¼ aþ2
(3) fa1 <fa2⇔fa1 fa2 and fa1sfa2
(4) k~a ¼ ½ka; kaþ
whenever 0  k  1.
(D[0,1],,∨,∧) is a complete lattice with 0 ¼ [0,0] as the smallest
element and 1 ¼ [1,1] as the largest element. An interval
number fuzzy set (F on X) is deﬁned as the set, F ¼
fðx; ½mF ðxÞ;mFþ ðxÞÞjx2XÞg, where mF and mFþ are two fuzzy sub-
sets of X such that, mF ðxÞ  mFþ ðxÞ, for all x2X. By stating,
mFðxÞ ¼ ½mF ðxÞ;mFþðxÞ, we see that F ¼ {(x,mF(x))jx2X)}, where
mF(x):X1D[0,1].The function d:[0,1] [0,1]/ [0,1] is often referred
to as a t norm (s norm) if d satisﬁes the following conditions:
(i) d(x,1) ¼ x (d(x,0) ¼ x),
(ii) d(x,y) ¼ d(y,x),
(iii) d(d(x,y),z) ¼ d(x,d(y,z)),
(iv) d(x,u)  (x,w), for all x,y,z,u,w2[0,1]
where u  w.
A t norm (s norm), d, is called an idempotent t norm (s
norm) if d(x,x)¼ x for all x2[0,1] [22]. If d is an idempotent t norm
(s-norm), then the mapping D:D[0,1]  D[0,1]/ D[0,1] as deﬁned
by Dðfa1;fa2Þ ¼ ½dða1 ; a2 Þ; dðaþ1 ; aþ2 Þ is an idempotent t norm (s
norm) and called an idempotent interval t norm (s norm). Ac-
cording to Atanassov [7,8], an interval valued intuitionistic fuzzy set
on X is deﬁned as an object of the form:
A ¼
( 
x; fMAðxÞ; fNAðxÞ
!
jx2X
)
;
where fMAðxÞ and fNAðxÞ are interval valued fuzzy sets on X (e.g.,fMA : X/D½0;1, fNA : X/D½0;1 such that 0  sup fMAðxÞþ
sup fNAðxÞ  1 for all x2X). Interval valued intuitionistic fuzzy sets
will be denoted by A ¼ ðfMA; fNAÞ in this paper.
Let G ¼ (V,E) be a graph, where V is the non-empty ﬁnite set of
vertices of G, and E is the set of edges of G. The fuzzy set V is a
mapping, s, from V to [0,1]. The fuzzy graph G is a pair of functions
G ¼ (s,m), where s is a fuzzy subset of a non-empty set V, and m is a
symmetric fuzzy relation on s (i.e., m(uv)  s(u)∧s(v)). The under-
lying crisp graph of G ¼ (s,m) is denoted by G* ¼ (V,E), where
E4V  V.Fig. 1. Interval-valued intuitionistic (S,T)efuzzy graph, G.3. Interval-valued intuitionistic (S,T)-fuzzy graphs
In this section, we deﬁne interval-valued intuitionistic (S,T)
fuzzy graphs and introduce three types of new product operations
(direct, lexicographic, strong) of interval valued intuitionistic (S,T)e
fuzzy graphs.
Deﬁnition 3.1. An interval-valued intuitionistic (S,T) fuzzy graph
with underlying set V is deﬁned as ordered pair (A,B), where
A ¼ hfMA; fNAi, is an interval-valued intuitionistic fuzzy set in V and B ¼
hfPB;fQBi is an interval valued intuitionistic fuzzy set in E such that for
all u,v2V
fPBðfu; vgÞ  T
(fMAðuÞ; fMAðvÞ
)
; fQBðfu; vgÞ  S
(fNAðuÞ; fNAðvÞ
)
:Example 3.2. Consider a graph G ¼ (V,E), such that V ¼ {u,v,z} and
E ¼ {uv,vz,uz}. Let A be an interval valued intuitionistic fuzzy set of
E4V  V deﬁned by:
A ¼

V ;

u
½0:3;0:5;
v
½0:4;0:5;
z
½0:4;0:6

;
u
½0:2;0:4;
v
½0:1;0:3;
z
½0:1;0:3

;
B ¼

E;

uv
½0:3;0:5;
vz
½0:2;0:4;
uz
½0:3;0:4

;
uv
½0:2;0:4;
vz
½0:1;0:3;
uz
½0:2;0:5

:
From this graph, it can be determined that (A,B) is an interval-
valued intuitionistic (S,T)efuzzy graph. Fig. 1.
Deﬁnition 3.3. Let G1 ¼ (A1,B1) and G2 ¼ (A2,B2) be two interval
valued intuitionistic (S,T) fuzzy graphs on G1 ¼ ðV1; E1Þ and
G2 ¼ ðV2; E2Þ, respectively.
(i) A homomorphism g is a mapping g:V1/ V2 such that:
(1) gMA1 ðx1Þ  gMA2 ðgðx1ÞÞ, gNA1 ðx1Þ  gNA2 ðgðx1ÞÞ; for all x12V1
(2) fPB1 ðx1y1Þ  fPB2 ðgðx1Þgðy1ÞÞ, gQB1 ðx1y1Þ gQB2 ðgðx1Þgðy1ÞÞ;
for all x1y12E1.
(ii) A bijective homomorphism g:G1 / G2 is called a weak
isomorphism if
(3) gMA1 ðx1Þ ¼ gMA2 ðgðx1ÞÞ,gNA1 ðx1Þ ¼ gNA2 ðgðx1ÞÞ; for all x12V1.(iii) A bijective homomorphism g:G1 / G2 is called a co weak
isomorphism if
(4) fPB1 ðx1y1Þ ¼ fPB2 ðgðx1Þgðy1ÞÞ, gQB1 ðx1y1Þ ¼gQB2 ðgðx1Þgðy1ÞÞ;
for all x1y12E1.A bijective homomorphism g:G1 / G2 satisfying (3) and (4) is
called an isomorphism.
Deﬁnition 3.4. Let G1 ¼ ðV1; E1Þ and G2 ¼ ðV2; E2Þ be two graphs.
(i) [28,29] The graph G1  G2 ¼ ðV ; EÞ is the Cartesian product of
G1 and G

2, where V ¼ V1  V2 and
E ¼fðx; x2Þðx; y2Þjx2V1; x2y22E2g∪fðx1; zÞðy1; zÞj
z2V2; x1y12E1g:(ii) [35] The graph G1  G2 ¼ ðV ; EÞ is the direct product of G1 and
G2, where V ¼ V1  V2 and
E ¼ fðx1; x2Þðy1; y2Þjx1y12E1; x2y22E2g:
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
2 ¼ ðV ; EÞ is the Lexicographic product of
G1 and G

2, where V ¼ V1  V2 and
E ¼ fðx; x2Þðx; y2Þjx2V1; x2y22E2g∪fðx1; x2Þðy1; y2Þ
 jx1y12E1; x2y22E2g:(iv) [17] The graph G1∪G

2 ¼ ðV ; EÞ is the union of G1 and G2, where
V ¼ V1  V2 and E ¼ E1∪E2.
(v) [17] The graph G1 þ G2 ¼ ðV ; EÞ is the join of G1 and G2, where
V¼ V1∪V2 and E ¼ E1∪E2∪E0, E0 is the set of all edges joining the
vertices V1 and V2.Deﬁnition 3.5. Let G1 ¼ (A1,B1) (resp. G2 ¼ (A2,B2)) be an interval
valued intuitionistic (S,T)efuzzy graph of G1 ¼ ðV1; E1Þ (resp.
G2 ¼ ðV2; E2Þ). Thus, the Cartesian product G1  G2 of G1 and G2 is
deﬁned as a pair (A,B), where A ¼ hfMA; fNAi and B ¼ hfPB;fQBi are in-
terval valued intuitionistic fuzzy sets on V ¼ V1  V2 and
E ¼ {(x,x2)(x,y2)jx2V1,x2y22E2}∪{(x1,z)(y1,z)jz2V2,x1y12E1}
respectively which satisﬁes the following:
(i)
8>><>>:
fMAðx1; x2Þ ¼ TðgMA1 ðx1Þ; gMA2 ðx2ÞÞfNAðx1; x2Þ ¼ SðgNA1 ðx1Þ;gNA2 ðx2ÞÞ ððx1; x2Þ2V1  V2Þ;8>><fP ððx; x Þðx; y ÞÞ ¼ TðgM ðxÞ; fP ðx y ÞÞ
(ii) >>:
B 2 2 A1 B2 2 2fQBððx; x2Þðx; y2ÞÞ ¼ SðgNA1 ðxÞ;gQB2 ðx2y2ÞÞ ðx2V1; x2y22E2Þ;
8>>< f f f(iii) >>:
PBððx1; zÞðy1; zÞÞ ¼ TðPB1 ðx1y1Þ; PA2 ðzÞÞfQBððx1; zÞðy1; zÞÞ ¼ SðgQB1 ðx1y1Þ;gQA2 ðzÞÞ ðz2V2; x1y12E1Þ.Remark 3.6. Let G1¼ (A1,B1) and G2¼ (A2,B2) be two interval valued
intuitionistic (S,T)-fuzzy graphs. Thus, the Cartesian product G1 G2 is
an interval valued intuitionistic (S,T)-fuzzy graph.
Deﬁnition 3.7. Let G1 ¼ (A1,B1) (resp. G2 ¼ (A2,B2)) be an interval
valued intuitionistic (S,T)-fuzzy graph of G1 ¼ ðV1; E1Þ (resp.
G2 ¼ ðV2; E2Þ). The union G1∪G2 of G1 and G2 is deﬁned as a pair (A,B),
where A ¼ hfMA; fNAi and B ¼ hfPB;fQBi are interval valued intuitionistic
fuzzy sets on V ¼ V1∪V2 and E ¼ E1∪E2 respectively which satisﬁes the
following:
(i)
8>>><>>>:
fMAðxÞ ¼ gMA1 ðxÞ if x2V1 and x;V2;fMAðxÞ ¼ gMA2 ðxÞ if x2V2 and x;V1;fMAðxÞ ¼ SðgMA1 ðxÞ; gMA2 ðxÞÞ if x2V1∩V2:(ii)
8>>><>>>:
fNAðxÞ ¼ gNA1 ðxÞ if x2V1 and x;V2;fNAðxÞ ¼ gNA2 ðxÞ if x2V2 and x;V1;fNAðxÞ ¼ TðgNA1 ðxÞ;gNA2 ðxÞÞ if x2V1∩V2:8>>>< fPBðxyÞ ¼ fPB1 ðxyÞ if xy2E1 and xy;E2;
(iii) >>>:
fPBðxyÞ ¼ fPB2 ðxyÞ if xy2E2 and xy;E1;fPBðxyÞ ¼ SðfPB1 ðxyÞ; fPB2 ðxyÞÞ if xy2E1∩E2:(iv)
8>>><>>>:
fQBðxyÞ ¼gQB1 ðxyÞ if xy2E1 and xy;E2;fQBðxyÞ ¼gQB2 ðxyÞ if xy2E2 and xy;E1;fQBðxyÞ ¼ TðgQB1 ðxyÞ;gQB2 ðxyÞÞ if xy2E1∩E2:Proposition 3.8. Let G1 ¼ (A1,B1) and G2 ¼ (A2,B2) be two interval
valued intuitionistic (S,T)-fuzzy graphs. Thus, the union G1∪G2 is an
interval-valued intuitionistic (S,T)-fuzzy graph.
Proof. Let xy2E1∩E2. Thus, fPB1∪fPB2
!
ðxyÞ ¼ S
 fPB1ðxyÞ; fPB2ðxyÞ
!
 S
 
T
 gMA1ðxÞ; gMA1ðyÞ
!
; T
 gMA2ðxÞ; gMA2ðyÞ
!!
¼ T
 
S
 gMA1ðxÞ; gMA2ðxÞ
!
; S
 gMA1ðyÞ; gMA2ðyÞ
!!
¼ T
  gMA1∪gMA2
!
ðxÞ;
 gMA1∪gMA2
!
ðyÞ
!
;
 gQB1∪gQB2
!
ðxyÞ ¼ T
 gQB1ðxyÞ;gQB2ðxyÞ
!
 T
 
S
 gNA1ðxÞ;gNA1ðyÞ
!
; S
 gNA2ðxÞ;gNA2ðyÞ
!!
¼ S
 
T
 gNA1ðxÞ;gNA2ðxÞ
!
; T
 gNA1ðyÞ;gNA2ðyÞ
!!
¼ S
  gNA1∪gNA2
!
ðxÞ;
 gNA1∪gNA2
!
ðyÞ
!
:
Similarly, if xy2E1 and xy;E2 or xy2E2 and xy;E1, then fPB1∪fPB2
!
ðxyÞ  T
  gMA1∪gMA2
!
ðxÞ;
 gMA1∪gMA2
!
ðyÞ
!
;
 gQB1∪gQB2
!
ðxyÞ  S
  gNA1∪gNA2
!
ðxÞ;
 gNA1∪gNA2
!
ðyÞ
!
:
Deﬁnition 3.9. The join G1þG2 of two interval valued intuitionistic
(S,T)-fuzzy graphs G1 ¼ (A1,B1) and G2 ¼ (A2,B2) is deﬁned as a pair
(A,B), where A ¼ hfMA; fNAi and B ¼ hfPB;fQBi are interval-valued
intuitionistic fuzzy sets on V ¼ V1∪V2 and E ¼ E1∪E2∪E0 (E0 is the set
of all edges joining the vertex of V1 and V2), respectively, which satisﬁes
the following:
(i)
8>>><>>>:
fMAðxÞ ¼ gMA1 ðxÞ if x2V1 and x;V2;fMAðxÞ ¼ gMA2 ðxÞ if x2V2 and x;V1;fMAðxÞ ¼ SðgMA1 ðxÞ; gMA2 ðxÞÞ if x2V1∩V2:
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P(ii)>>>:
fNAðxÞ ¼ gNA2 ðxÞ if x2V2 and x;V1;fNAðxÞ ¼ TðgNA1 ðxÞ;gNA2 ðxÞÞ if x2V1∩V2:8>>>< fPBðxyÞ ¼ fPB1 ðxyÞ if xy2E1 and xy;E2;
(iii) >>>:
fPBðxyÞ ¼ fPB2 ðxyÞ if xy2E2 and xy;E1;fPBðxyÞ ¼ SðfPB1 ðxyÞ; fPB2 ðxyÞÞ if xy2E1∩E2:
8>>>< fQBðxyÞ ¼gQB1 ðxyÞ if xy2E1 and xy;E2;(iv) >>>:
fQBðxyÞ ¼gQB2 ðxyÞ if xy2E2 and xy;E1;fQBðxyÞ ¼ TðgQB1 ðxyÞ;gQB2 ðxyÞÞ if xy2E1∩E2:8>><f g g
(v) >>:
PBðxyÞ ¼ TðMA1 ðxÞ;MA2 ðyÞÞfPBðxyÞ ¼ SðgNA1 ðxÞ;gNA2 ðyÞÞ if xy2E0:Remark 3.10. Let G1 ¼ (A1,B1) and G2 ¼ (A2,B2) be two interval
valued intuitionistic (S,T)-fuzzy graphs. Thus, the join G1þG2 is an
interval-valued intuitionistic (S,T)-fuzzy graph.
Deﬁnition 3.11. The direct product G1*G2 of two interval valued
intuitionistic (S,T)-fuzzy graphs G1 ¼ (A1,B1) and G2 ¼ (A2,B2) of G1 ¼
ðV1; E1Þ and G2 ¼ ðV2; E2Þ respectively is deﬁned as a pair (A,B), where
A ¼ hfMA; fNAi and B ¼ hfPB;fQBi are interval-valued intuitionistic fuzzy
sets on V ¼ V1  V2 and E ¼ {(x1,x2)(y1,y2)jx1y12E1,x2y22E2}
respectively, which satisﬁes the following:(i)
8>><>>:
fMAðx1; x2Þ ¼ TðgMA1 ðx1Þ; gMA2 ðx2ÞÞfNAðx1; x2Þ ¼ SðgNA1 ðx1Þ;gNA2 ðx2ÞÞ ððx1; x2Þ2V1  V2Þ,
ii)
8>><>>:
fPBððx1; x2Þðy1; y2ÞÞ ¼ TðfPB1 ðx1y1Þ; fPB2 ðx2y2ÞÞfQBððx1; x2Þðy1; y2ÞÞ ¼ SðgQB1 ðx1y1Þ;gQB2 ðx2y2ÞÞ ðx1y12E1; x2y22E2Þ.Proposition 3.12. Let G1 ¼ (A1,B1) and G2 ¼ (A2,B2) be two interval
valued intuitionistic (S,T)-fuzzy graphs. The direct product G1*G2 is an
interval-valued intuitionistic (S,T)-fuzzy graph.
Proof. Let x1y12E1 and x2y22E2. Thus,f
B1fPB2
!
ððx1; x2Þðy1; y2ÞÞ ¼ T
 fPB1ðx1y1Þ; fPB2ðx2y2Þ
!
 T
 
T
 gMA1ðx1Þ; gMA1ðy1Þ
!
; T
 gMA2ðx2Þ; gM
¼ T
 
T
 gMA1ðx1Þ; gMA2ðx2Þ
!
; T
 gMA1ðy1Þ; gM
¼ T
  gMA1  gMA2
!
ðx1; x2Þ;
 gMA1  gMA2
! gQB1gQB2
!
ððx1; x2Þðy1; y2ÞÞ ¼ S
 gQB1ðx1y1Þ;gQB2ðx2y2Þ
!
 S
 
S
 gNA1ðx1Þ;gNA1ðy1Þ
!
; S
 gNA2ðx2Þ;gNA2ðy2Þ
!!
¼ S
 
S
 gNA1ðx1Þ;gNA2ðx2Þ
!
; S
 gNA1ðy1Þ;gNA2ðy2Þ
!!
¼ S
  gNA1 gNA2
!
ðx1; x2Þ;
 gNA1 gNA2
!
ðy1; y2Þ
!
:
This completes the proof.
Example 3.13. Let G1 ¼ ðV1; E1Þ and G2 ¼ ðV2; E2Þ be two graphs
such that V1 ¼ {u,v}, V2 ¼ {z,w}, E1 ¼ {uv}, and E2 ¼ {zw}. Consider
two interval-valued intuitionistic (S,T)-fuzzy graphs G1 ¼ (A1,B1) and
G2 ¼ (A2,B2), where
A1 ¼

V1;

u
½0:2;0:4;
v
½0:3;0:5

;

u
½0;0:2;
v
½0;0:1

;
A2 ¼

V2;

z
½0:3;0:5;
w
½0:4;0:6

;

z
½0:1;0:3;
w
½0;0:2

;
B1 ¼

E1;

uv
½0:1;0:3

;

uv
½0;0:2

;
B2 ¼

E2;

zw
½0:2;0:4

;

zw
½0:1;0:3

:By a routine computation, it is clear that G1*G2 is an interval-
valued intuitionistic (S,T)-fuzzy graph. Fig. 2.
Deﬁnition 3.14. The Lexicographic product G1$G2 of two interval
valued intuitionistic (S,T)-fuzzy graphs G1¼ (A1,B1) and G2¼ (A2,B2) ofA2ðy2Þ
!!
A2ðy2Þ
!!
ðy1; y2Þ
!
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where A ¼ hfMA; fNAi and B ¼ hfPB;fQBi are interval-valued intuitionistic
fuzzy sets on V ¼ V1  V2 and E ¼ {(x,x2)(x,y2)jx2V1,
x2y22E2}∪{(x1,x2)(y1,y2)jx1y12E1,x2y22E2}, respectively which sat-
isﬁes the following:(i)
8>><>>:
fMAðx1; x2Þ ¼ TðgMA1 ðx1Þ; gMA2 ðx2ÞÞfNAðx1; x2Þ ¼ SðgNA1 ðx1Þ;gNA2 ðx2ÞÞ ððx1; x2Þ2V1  V2Þ,
(ii)
8>><>>:
fPBððx; x2Þðx; y2ÞÞ ¼ TðgMA1 ðxÞ; fPB2 ðx2y2ÞÞfQBððx; x2Þðx; y2ÞÞ ¼ SðgNA1 ðxÞ;gQB2 ðx2y2ÞÞ ðx2V1; x2y22E2Þ,
(iii)
8>><>>:
fPBððx1; x2Þðy1; y2ÞÞ ¼ TðfPB1 ðx1y1Þ; fPB2 ðx2y2ÞÞfQBððx1; x2Þðy1; y2ÞÞ ¼ SðgQB1 ðx1y1Þ;gQB2 ðx2y2ÞÞ ðx1y12E1; x2y22E2Þ.Proposition 3.15. Let G1 ¼ (A1,B1) and G2 ¼ (A2,B2) be two interval
valued intuitionistic (S,T)-fuzzy graphs. The Lexicographic product
G1$G2 is an interval-valued intuitionistic (S,T)-fuzzy graph.
Proof. Let x2V1 and x2y22E2, then fPB1$fPB2
!
ððx; x2Þðx; y2ÞÞ ¼ T
 gMA1ðxÞ; fPB2ðx2y2Þ
!
 T
 gMA1ðxÞ; T
 gMA2ðx2Þ; gMA2ðy2Þ
!!
¼ T
 
T
 gMA1ðxÞ; gMA2ðx2Þ
!
; T
 gMA1ðxÞ; gMA2ðy2Þ
!!
¼ T
  gMA1$gMA2
!
ðx; x2Þ;
 gMA1$gMA2
!
ðx; y2Þ
!
;Fig. 2. Interval valued intuitionistic (S,T)-fuzzy graphs G1, G2 and G1*G2. gQB1$gQB2
!
ððx; x2Þðx; y2ÞÞ ¼ S
 gNA1ðxÞ;gQB2ðx2y2Þ
!
 S
 gNA1ðxÞ; S
 gNA2ðx2Þ;gNA2ðy2Þ
!!
¼ S
 
S
 gNA1ðxÞ;gNA2ðx2Þ
!
; S
 gNA1ðxÞ;gNA2ðy2Þ
!!
¼ S
  gNA1$gNA2
!
ðx; x2Þ;
 gNA1$gNA2
!
ðx; y2Þ
!
:
If x1y12E1 and x2y22E2, then fPB1$fPB2
!
ððx1; x2Þðy1; y2ÞÞ ¼ T
 fPB1ðx1y1Þ; fPB2ðx2y2Þ
!
 T
 
T
 gMA1ðx1Þ; gMA1ðy1Þ
!
; T
 gMA2ðx2Þ; gMA2ðy2Þ
!!
¼ T
 
T
 gMA1ðx1Þ; gMA2ðx2Þ
!
; T
 gMA1ðy1Þ; gMA2ðy2Þ
!!
¼ T
  gMA1$gMA2
!
ðx1; x2Þ;
 gMA1$gMA2
!
ðy1; y2Þ
!
:
 gQB1$gQB2
!
ððx1; x2Þðy1; y2ÞÞ ¼ S
 gQB1ðx1y1Þ;gQB2ðx2y2Þ
!
 S
 
S
 gNA1ðx1Þ;gNA1ðy1Þ
!
; S
 gNA2ðx2Þ;gNA2ðy2Þ
!!
¼ S
 
S
 gNA1ðx1Þ;gNA2ðx2Þ
!
; S
 gNA1ðy1Þ;gNA2ðy2Þ
!!
¼ S
  gNA1$gNA2
!
ðx1; x2Þ;
 gNA1$gNA2
!
ðy1; y2Þ
!
:4. Busy vertices and free vertices in interval valued
intuitionistic (S,T)-Fuzzy graphs
In this section, we introduce busy values, busy vertices and free
vertices in interval valued intuitionistic (S,T)-fuzzy graphs.
Deﬁnition 4.1. The busy value of a node, v, of an interval valued
intuitionistic (S,T)-fuzzy graph, G ¼ (A,B), is deﬁned to be
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P
i
fMAðvÞ∧fMAðviÞ, and
DNðvÞ ¼
P
i
fNAðvÞ∨fNAðviÞ. Here, vi, are neighbors of v, and the busy
value of an interval valued intuitionistic (S,T)-fuzzy graph G is deﬁned
to be the sum of the busy values of all vertices of G (i.e.,
DðGÞ ¼P
i
DðviÞ), where vi are vertices of G.
Example 4.2. Consider a graph G* ¼ (V,E) such that V ¼ {v1,v2,v3,v4}
and E ¼ {v1v2,v2v3,v1v4,v3v4}. Let A ¼ hfMA; fNAi be an interval valued
intuitionistic fuzzy subset of V and let B ¼ hfPB;fQBi be an interval
valued intuitionistic fuzzy subset of E4V  V deﬁned byA ¼

V ;

v1
½0:3;0:5;
v2
½0:4;0:5;
v3
½0:4;0:6;
v4
½0:5;0:6

;

v1
½0:2;0:4;
v2
½0:1;0:3;
v3
½0:1;0:3;
v4
½0:2;0:4

B ¼

E;

v1v2
½0:3;0:5;
v2v3
½0:2;0:4;
v3v4
½0:3;0:5;
v1v4
½0:2;0:4

;

v1v2
½0:2;0:4;
v2v3
½0:1;0:3;
v3v4
½0:2;0:4;
v1v4
½0:2;0:4
By routine computations, we have
DMðv1Þ ¼ ½0:6;1; DMðv2Þ ¼ ½0:7;1; DMðv3Þ ¼ ½0:8;1:1;
DMðv4Þ ¼ ½0:7;1:1
DNðv1Þ ¼ ½0:4;0:8; DNðv2Þ ¼ ½0:3;0:7; DNðv3Þ ¼ ½0:3;0:7;
DNðv4Þ ¼ ½0:4;0:8
Subsequently; Dðv1Þ ¼ ð½0:6;1; ½0:4;0:8Þ; Dðv2Þ
¼ ð½0:7;1; ½0:3;0:7Þ; Dðv3Þ
¼ ð½0:8;1:1; ½0:3;0:7Þ; Dðv4Þ
¼ ð½0:7;1:1; ½0:4;0:8Þ
Deﬁnition 4.3. Let G ¼ (A,B) be an interval valued intuitionistic
(S,T)-fuzzy graph. Then, the open neighborhood degree of a vertex x is
deﬁned by deg(x) ¼ (dM(x),dN(x)), where dMðxÞ ¼
P
y2NðxÞ
fMAðyÞ and
dNðxÞ ¼
P
y2NðxÞ
fNAðyÞ.
Deﬁnition 4.4. A vertex, v, in an interval valued intuitionistic (S,T)-
fuzzy graph G ¼ (A,B) is said to be a busy vertex if fMAðvÞ  dMðvÞ andfNAðvÞ  dNðvÞ, otherwise it is called a free vertex.
For the graph of Fig. 3 there are not any busy vertices.
Deﬁnition 4.5. An edge, uv, of an interval valued intuitionistic (S,T)-
fuzzy graph G ¼ (A,B) is said to be an effective edge iffPBðuvÞ ¼ fMAðuÞ∧fMAðvÞ and fQBðuvÞ ¼ fNAðuÞ∨fNAðvÞ.
For the graph of Fig. 3 the edge v1v2 is an effective edge.
Lemma 4.6. Let G1yG2 and g be an isomorphism from G1 to G2.
Then, deg(x) ¼ deg(g(x)) for all x2V.Fig. 3. Interval valued intuitionistic (S,T)-fuzzy graph G.Proof. Since G1yG2, we have
gMA1ðx1Þ ¼ gMA2ðgðx1ÞÞ; gNA1ðx1Þ ¼ gNA2ðgðx1ÞÞ; for all x12V1:
Hence,
dMðxÞ ¼
X
y2V1
gMA1ðyÞ ¼ X
y2V1
gMA2ðgðyÞÞ ¼ dMðgðxÞÞ;dNðxÞ ¼
X
y2V1
gNA1ðyÞ ¼ X
y2V1
gNA2ðgðyÞÞ ¼ dNðgðxÞÞ:
Additionally, we know that deg(x) ¼ (dM(x),dN(x)) for all x2V.
Thus, deg(x) ¼ deg(g(x)) for all x2V.
Theorem 4.7. If G1yG2 and v is a busy vertex in G1, then v is a busy
vertex in G2.
Proof. Let g:V1 / V2 be an isomorphism from G1 to G2. Thus,gMA1 ðxÞ ¼ gMA2 ðgðxÞÞ and gNA1 ðxÞ ¼ gNA2 ðgðxÞÞ for all x2V1, andfPB1 ðxyÞ ¼ fPB2 ðgðxÞgðyÞÞ and gQB1 ðxyÞ ¼gQB2 ðgðxÞgðyÞÞ for all xy2E1.
Additionally, g preserves the degree of vertices, by Lemma 4.6
(i.e., dM(x) ¼ dM(g(x)), dN(x) ¼ dN(g(x)), for all x2V). If x is a busy
vertex in G1, then gMA1 ðxÞ  dMðxÞ and gNA1 ðxÞ  dNðxÞ. Then,gMA2 ðgðxÞÞ  dMðgðxÞÞ andgNA2 ðgðxÞÞ  dNðgðxÞÞ. Hence, g(x) is a busy
vertex in G2.
Theorem 4.8. Let interval valued intuitionistic (S,T)-fuzzy graph G1
be weak isomorphism with G2. If u2V1 is a busy vertex in G1, then its
image under a weak isomorphism in G2 is also busy.
Proof. Let g:V1/ V2 be a weak isomorphism between G1 and G2.
Thus, for all x,y2V1
gMA1ðxÞ ¼ gMA2ðgðxÞÞ;gNA1ðxÞ ¼ gNA2ðgðxÞÞ (4.1)
and
fPB1ðxyÞ  fPB2ðgðxÞgðyÞÞ;gQB1ðxyÞ gQB2ðgðxÞgðyÞÞ: (4.2)
Let u2V1 be a busy vertex. Then
gMA1ðuÞ  dMðuÞ;gNA1ðuÞ  dNðuÞ: (4.3)
From (4.1) and (4.3) we have
gMA2ðgðuÞÞ ¼ gMA1ðuÞ  dMðuÞ ¼ X
v2V1
gMA1ðvÞ ¼ X
v2V1
gMA2ðgðvÞÞ
¼ dMðgðuÞÞ:
Hence, gMA2 ðgðuÞÞ  dPðgðuÞÞ.
Additionally,
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v2V1
gNA1ðvÞ ¼ X
v2V1
gNA2ðgðvÞÞ
¼ dNðgðuÞÞ:
Therefore, gNA2 ðgðuÞÞ  dNðgðuÞÞ. Hence, g(u) is a busy vertex in
G2.5. Regular interval valued intuitionistic (S,T)-Fuzzy graphs
Deﬁnition 5.1. Let G ¼ (A,B) be an interval valued intuitionistic
(S,T)-fuzzy graph. Then, the degree of a vertex x is deﬁned by
deg(x) ¼ (degM(x),degN(x)), where degMðxÞ ¼
P
xsy
fPBðxyÞ and
degNðxÞ ¼
P
xsy
fQBðxyÞ. If degM(vi) ¼ ki and degN(vi) ¼ kj, for all vi,vj2V
then the graph is called regular interval valued intuitionistic (S,T)-
fuzzy graph of degree (ki,kj).
Deﬁnition 5.2. Let G ¼ (A,B) be an interval valued intuitionistic
(S,T)-fuzzy graph. The closed neighborhood degree of vertex x is
deﬁned by deg[x] ¼ (dM[x],dN[x]), where
dM½x ¼ degMðxÞ þ fMAðxÞ; dN½x ¼ degNðxÞ þ fNAðxÞ:
If each vertex of G has same closed neighborhood degree
m ¼ ðm1;m2Þ, then the graph is called totally regular interval valued
intuitionistic (S,T)-fuzzy graph of degree m.
Example 5.3. Consider a graph G* such that V ¼ {v1,v2,v3} and
E ¼ {v1v2,v2v3,v3v1}. Let A be an interval valued intuitionistic fuzzy
subset of V and B be an interval valued intuitionistic fuzzy subset of
E deﬁned byA ¼

V ;

v1
½0:3;0:5;
v2
½0:3;0:5;
v3
½0:3;0:5

;

v1
½0:1;0:3;
v2
½0:1;0:3;
v3
½0:1;0:3

B ¼

E;

v1v2
½0:2;0:4;
v2v3
½0:2;0:4;
v1v3
½0:2;0:4

;

v1v2
½0:1;0:3;
v2v3
½0:1;0:3;
v1v3
½0:1;0:3

:Routine computations show that the interval valued intuitionistic
(S,T)-fuzzy graph G is both regular and totally regular.
Proposition 5.4. The size of an n regular interval valued intui-
tionistic (S,T)-fuzzy graph G is nk2 , where jVj ¼ k.
Proof. The size of G is SðGÞ ¼
0BBBB@ Pxsy
x;y2V
fPBðxyÞ; P
xsy
x;y2V
fQBðxyÞ
1CCCCA.
Since, G is n regular, dG(v) ¼ n, for all v2V. We haveP
v2V
dGðvÞ ¼ 2ð
P
xy2E
fPBðxyÞ; P
xy2E
fQBðxyÞÞ. So, 2SðGÞ ¼ P
v2V
dGðvÞ ¼P
v2V
n ¼ nk. Hence, SðGÞ ¼ nk2 .
Proposition 5.5. Let G1yG2. Then
(i) if G1 is a regular interval valued intuitionistic (S,T)-fuzzy graph,
then G2 is also.(ii) if G1 is a totally regular interval valued intuitionistic (S,T)-fuzzy
graph, then G2 is also.
Proof. Let G1yG2 and G1 is an n¼ (n1,n2) regular interval valued
intuitionistic (S,T)-fuzzy graph. Since, degðxÞ ¼ ðdegMðxÞ;
degNðxÞÞ ¼
 P
xsy
fPBðxyÞ; P
xsy
fQBðxyÞ ¼ ðn1;n2Þ, we have
n1 ¼ degMðxÞ ¼
X
xsy
fPBðxyÞ ¼X
xsy
fPBðgðxÞgðyÞÞ ¼ degMðgðxÞÞ;
n2 ¼ degNðxÞ ¼
X
xsy
fQBðxyÞ ¼X
xsy
fQBðgðxÞgðyÞÞ ¼ degNðgðxÞÞ:
Therefore, G2 is an n-regular interval valued intuitionistic (S,T)-
fuzzy graph. Now let G1yG2, where G1 is an m ¼ (m1,m2) totally
regular interval valued intuitionistic (S,T)-fuzzy graph. By
Deﬁnition 5.2, we have, deg[x] ¼ (dM[x],dN[x]), where
dM ½x ¼ degMðxÞ þ fMAðxÞ and dN½x ¼ degNðxÞ þ fNAðxÞ
Therefore,
m1 ¼ degMðxÞ þ fMAðxÞ ¼ degMðgðxÞÞ þ fMAðgðxÞÞ ¼ dM½gðxÞ;
m2 ¼ degNðxÞ þ fNAðxÞ ¼ degNðgðxÞÞ þ fNAðgðxÞÞ ¼ dN ½gðxÞ:
It follows that G2 is an m totally regular interval valued
intuitionistic (S,T)-fuzzy graph.
Theorem 5.6. Let G ¼ (A,B) be an interval valued intuitionistic (S,T)-
fuzzy graph of graph G*. If A ¼ hfMA; fNAi is a constant function, then the
following are equivalent:
(i) G is a regular interval valued intuitionistic (S,T)-fuzzy graph,
(ii) G is a totally regular interval valued intuitionistic (S,T)-fuzzy graph.Proof. Suppose that A ¼ hfMA; fNAi is a constant function andfMAðxÞ ¼ c1, fNAðxÞ ¼ c2, for all x2V.
(i)0(ii): Assume that G is an n regular interval
valued intuitionistic (S,T)-fuzzy graph, then degM(x) ¼ nm,
degN(x) ¼ nn, for all x2V. So, dM ½x ¼ degMðxÞ þ fMAðxÞ ¼ nm þ c1,
dN ½x ¼ degNðxÞ þ fNAðxÞ ¼ nn þ c2, for all x2V. Hence, G is totally
regular interval valued intuitionistic (S,T)-fuzzy graph.
(ii)0(i): Suppose that G is a totally regular interval valued
intuitionistic (S,T)-fuzzy graph, then dM[x] ¼ k1, dN[x] ¼ k2 for all
x2V, or degMðxÞ þ fMAðxÞ ¼ k1; degNðxÞ þ fNAðxÞ ¼ k2, or degM(x) þ
c1 ¼ k1,degN(x) þ c2 ¼ k2 for all x2V, or degM(x) ¼
k1  c1,degN(x) ¼ k2  c2, for all x2V. Thus, G is a regular interval
valued intuitionistic (S,T)-fuzzy graph.
Proposition 5.7. If the interval valued intuitionistic (S,T)-fuzzy
graph G is both regular and totally regular, then A ¼ hfMA; fNAi is a
constant function.
Proof. Let G be a regular and totally regular interval valued
intuitionistic (S,T)-fuzzy graph. Then
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dM½x ¼ k1;dN½x ¼ k2; for all x2V1:
It follows that,
dM½x ¼ k1⇔degMðxÞ þ fMAðxÞ ¼ k1
⇔n1 þ fMAðxÞ ¼ k1
⇔fMAðxÞ ¼ k1  n1; for all x2V :
Similarly, we can show that, fNAðxÞ ¼ k2  n2, for all x2V. Hence,
A ¼ hfMA; fNAi is a constant function.
Remark 5.8. Let G ¼ (A,B) be an interval valued intuitionistic (S,T)-
fuzzy graph, where crisp graph G* is the cycle C:v0,v1,…,vn ¼ v0. Then,
we have the following:
(i) if n is odd, G is regular if and only if B is a constant function.
(ii) if n is even, G is regular if and only if fPBðvi1viÞ ¼fPBðviþ1viþ2Þ,fQBðvi1viÞ ¼ fQBðviþ1viþ2Þ, 1 i n,which iþ 1 and iþ 2 are in
module n.6. Conclusions
Graphs are among the most ubiquitous models of both natural
and human made structures. Graphs can be used to model many
types of relationships and process dynamics in physical, biological
and social systems. In this paper, three new types of product op-
erations of interval valued intuitionistic (S,T)-fuzzy graphs are
deﬁned. Additionally, regular and totally regular interval valued
intuitionistic (S,T)-fuzzy graphs are introduced. The concept of in-
terval valued intuitionistic (S,T)-fuzzy graphs can be applied in
various areas of engineering and computer science (e.g., database
theory, expert systems, neural networks, artiﬁcial intelligence,
signal processing, pattern recognition, robotics, computer net-
works, medical diagnosis). In our future work, we will investigate
balanced interval valued intuitionistic (S,T)-fuzzy graphs and
investigate certain properties of irregularity in interval valued
intuitionistic (S,T)-fuzzy graphs.
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